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In Landau’s phenomenological Fermi-liquid theory (FLT), most physical quantities are derived from
the knowledge of the energy variation δE[δn] corresponding to a change δn of the quasi-particle (QP)
distribution function n ≡ {nkσ}. We show that the internal energy E[n] (or, more precisely, the
thermodynamic potential Φ[n]), expressed as a function of the QP distribution n, can be interpreted
as an effective potential (in the sense of field theory), which is obtained from the free energy by a
Legendre transformation. This allows to obtain explicitly δΦ (or δE) starting from a microscopic
Hamiltonian and to relate the Landau f function to the forward-scattering two-particle vertex
without considering the collective modes as in the standard diagrammatic derivation of FLT. Out-
of-equilibrium properties are obtained by extending the definition of the effective potential to space-
and time-dependent configurations. Φ[n] is then a functional of the Wigner distribution function
n ≡ {nkσ(r, t)}. It contains information about both the static and dynamic properties of the Fermi
liquid. In particular, it yields the quantum Boltzmann equation satisfied by nkσ(r, t). Finally, we
show how δΦ[δn] can be derived (in the static case) using a finite-temperature renormalization-group
approach. In agreement with previous results based on this technique, we find that the Landau f
function is defined by the fixed-point value of the Ω-limit of the forward-scattering two-particle
vertex.
PACS Numbers: 05.30.Fk, 71.10.Ay, 71.10.Ca
I. INTRODUCTION
Landau’s original approach to Fermi-liquid theory
(FLT) is phenomenological.1 The main assumption is
the existence of a one-to-one correspondence between
the low-energy elementary excitations (quasi-particles
(QP’s)) of the Fermi liquid and the elementary exci-
tations (‘particles’ and ‘holes’) of the non-interacting
fermion gas. Thermodynamic quantities are derived from
the knowledge of the energy variation δE[δn] correspond-
ing to a change δn of the QP distribution function n =
{nkσ}. [k and σ denote the QP momentum and spin.]
δE[δn] is parameterized by the Landau f function (or,
equivalently, the Landau parameters) which describes the
interaction between two QP’s. Non-equilibrium proper-
ties are obtained by generalizing the energy functional
δE[δn] to space- and time-dependent configurations, and
by simultaneously considering the Boltzmann transport
equation satisfied by the QP distribution.
Much effort has been dedicated to justify Landau’s
phenomenological FLT from a microscopic Hamiltonian.
The standard derivation consists in showing that the QP
dynamics obtained from the microscopic two-particle ver-
tex agrees with the conclusion of the phenomenological
FLT.2,3 Although this demonstration provides a micro-
scopic definition of the Landau f function, it does not aim
at calculating explicitly the energy functional δE[δn].
The so-called statistical FLT provides an alternative
approach which is in spirit much closer to the phe-
nomenological theory of Landau. The main idea is to
express the thermodynamic potential Φ[n] obtained from
a microscopic Hamiltonian as a function of QP occupa-
tion numbers (see Refs. 4–6 and references therein). The
equilibrium QP distribution function is determined by
minimizing the thermodynamic potential. The excita-
tion energies are defined as functional derivatives of the
energy with respect to the distribution function. They
are usually referred to as statistical QP energies to dis-
tinguish them from the QP energies obtained from the
poles of the single-particle Green’s function.5 Although
this formulation provides a natural bridge between mi-
croscopic models and phenomenological FLT, few explicit
calculations have been done in this framework. For in-
stance, the Landau f function (which can be obtained
as the second functional derivative of the energy with
respect to the QP distribution function) has not been
related to the forward-scattering two-particle vertex as
was done within the standard FLT.2,3 Besides, it is not
clear how the collective modes of the Fermi liquid can be
studied within this approach.
In this paper we propose a unified description of static
and dynamic properties of Fermi liquids. The main idea
is to interpret the thermodynamic potential Φ[n], ex-
pressed in terms of the QP distribution function n, as
an effective potential (in the sense of field theory), which
is obtained from the free energy by a Legendre trans-
formation. A similar definition of the thermodynamic
potential Φ[n] can be found in the statistical FLT and in
particular in the work of Balian and De Dominicis.4 This
allows to obtain explicitly δΦ (or δE) starting from a mi-
croscopic Hamiltonian and to relate the Landau f func-
tion to the forward-scattering two-particle vertex with-
out considering the collective modes as in the standard
diagrammatic derivation of FLT. Dynamic properties are
obtained by extending the definition of the effective po-
tential to space- and time-dependent configurations. Φ[n]
1
is then a functional of the Wigner distribution function
n ≡ {nkσ(r, t)}. We show how we can extract from Φ
both the response functions of the Fermi liquid and the
quantum Boltzmann equation satisfied by nkσ(r, t).
Outline of the paper
In section II, we briefly review some basic results of the
phenomenological FLT that are useful in subsequent sec-
tions. The microscopic definition of the thermodynamic
potential Φ[n] is given in section III. We first consider
the free energy in the presence of an external source field
hkσ that couples to the QP number operator. The QP
distribution function n is then obtained by taking the
functional derivative of the free energy with respect to
the source field. By performing a Legendre transforma-
tion, we obtain a functional Φ[n] of the QP distribution
n. In field theory, Φ[n] is known as an effective poten-
tial. The energy variation δE[δn], or equivalently the
Landau f function, is obtained from the variation δΦ[δn]
of the thermodynamic potential Φ[n] around its equilib-
rium value. As a first example, we calculate Φ[n] exactly
for non-interacting fermions. In the case of interacting
fermions, we use general properties of Legendre trans-
forms to express δΦ[δn] as a function of the (linear) re-
sponse function χσσ′ (k,k
′) to the external field hkσ. We
give a microscopic definition of the Landau f function in
terms of the susceptibility χ. Using the usual assump-
tions of FLT, we calculate χ and recover the standard
microscopic definition of f .
In section IV, we extend the definition of the effec-
tive potential Φ[n] to space- and time-dependent config-
urations by considering the Wigner distribution function
n ≡ {nkσ(r, t)}. Restricting ourselves to small deviations
δnkσ(r, t) from equilibrium, we are able to compute the
corresponding variation δΦ[δn] of the effective potential.
In the static and uniform limit (nkσ(r, t) = nkσ), δΦ re-
duces to the Landau’s functional studied in section III.
In out-of-equilibrium cases, by requiring δΦ to be station-
ary with respect to variations of the Wigner distribution
function δnkσ(r, t), we obtain the quantum Boltzmann
equation satisfied by δnkσ(r, t). We also show how the
charge and spin response functions are related to the ef-
fective potential.
In section V, we use a finite-temperature renormaliza-
tion-group (RG) approach to reproduce the results of sec-
tion III. This approach provides an alternative method
for computing the Landau’s functional δΦ[δn] and con-
firms previous results based on this technique.7–10 We
find that the f function is given by the fixed-point value
of the Ω-limit of the forward-scattering two-particle ver-
tex (ΓΩ∗).
Unless otherwise specified, we consider a three-
dimensional spin- 12 fermion gas (of volume ν) with a
spherical Fermi surface, and assume isotropy in spin
space. Only short-range repulsive interactions are taken
into account. We use a grand canonical formalism at fi-
nite temperature T , the limit T → 0 being taken at the
end of the calculations. We take h¯ = kB = 1 throughout
the paper.
II. PHENOMENOLOGICAL FLT
In this section, we summarize the basic results of the
phenomenological FLT which are useful for our purpose.
A. Landau’s functional δΦ[δn]
In the ground state of a Fermi liquid, the QP distri-
bution function corresponds to a filled Fermi sea: n
(0)
kσ =
Θ(kF − k), where kF is the Fermi momentum and Θ(x)
the step function. In the phenomenological FLT, one
postulates that a change δnkσ = nkσ − n
(0)
kσ of the QP
distribution induces the energy variation1–3
δE[δn] =
∑
k,σ
ǫkδnkσ
+
1
2ν
∑
k,k′,σ,σ′
fσσ′ (k,k
′)δnkσδnk′σ′ , (2.1)
neglecting terms of orderO(δn3). ǫk is the energy of a QP
in the absence of other excited QP’s (for simplicity, we
consider only cases where ǫk does not depend on spin). In
the vicinity of the Fermi surface, it can be written as ǫk ≃
v∗F (k − kF ) + µ, where v
∗
F is the QP Fermi velocity and
µ the chemical potential. The term of order δn2 in (2.1)
comes from the interaction between quasi-particles. For
states near the Fermi surface, k ≃ kF and k
′ ≃ kF , the
function fσσ′(k,k
′) = fσσ′(θ) depends only on the angle
θ between k and k′. The Landau parameters F sl and
F al are defined by expanding f on the basis of Legendre
polynomials:
2N(0)fσσ′(θ) =
∞∑
l=0
(F sl + σσ
′F al )Pl(cos θ), (2.2)
where N(0) = k2F /2π
2v∗F is the density of states per spin
at the Fermi level.
In the grand-canonical ensemble at finite temperature,
the physical quantity of interest is the thermodynamic
potential Φ[n] = E[n] − µN [n] − β−1S[n]. N [n] =∑
k,σ nkσ is the total QP number, S[n] the entropy, and
β = 1/T the inverse temperature. Because of the cor-
respondence between excitations of the non-interacting
fermion gas and QP excitations, the entropy has the same
expression as in a perfect Fermi gas:1–3
S[n] = −
∑
k,σ
[nkσ lnnkσ + (1− nkσ) ln(1 − nkσ)]. (2.3)
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At equilibrium, the QP distribution function n¯ is ob-
tained from the condition δΦ[n]/δnkσ|n¯ = 0:
n¯kσ = nF (ǫ˜k − µ), (2.4)
where nF (x) = (e
βx+1)−1 is the Fermi-Dirac factor, and
ǫ˜k =
δE[n]
δnkσ
∣∣∣∣∣
n¯
= ǫk +
1
ν
∑
k′,σ′
fσσ′(k,k
′)[n¯k′σ′ − n
(0)
k′σ′ ] (2.5)
is the QP energy corresponding to the equilibrium dis-
tribution function n¯. Thus, if we expand Φ[n¯ + δn] =
Φ[n¯] + δΦ[δn] around its equilibrium value, we obtain to
lowest order in δn
δΦ[δn] =
1
2
∑
k,k′,σ,σ′
[
−
δσ,σ′δk,k′
n′F (ǫ˜k − µ)
+
1
ν
fσσ′(k,k
′)
]
δnkσδnk′σ′ , (2.6)
where n′F (x) = −β/4 cosh
2(βx/2). There is no linear
term in δn since Φ[n] is stationary at equilibrium.
B. Deformation of the Fermi surface
Because of the thermal factor 1/n′F (ǫk − µ) in (2.6),
small variations of the thermodynamic potential corre-
spond to QP excitations lying in the thermal broadening
of the Fermi surface (|ǫ˜k − µ| <∼ T ). When T → 0, these
excitations have vanishing energies and can be viewed as
resulting from a displacement uσ(kˆ) of the Fermi surface.
Here kˆ = k/k is a unit vector in the direction of k. It is
sometimes convenient to express δΦ directly in terms of
uσ(kˆ). Writing
11
δnkσ = v
∗
Fuσ(kˆ)n
′
F (ǫ˜k − µ), (2.7)
we obtain
δΦ[u] =
νv∗F
2N(0)
2
∑
σ,σ′
{
δσ,σ′
∫
dΩ
kˆ
4π
u2σ(kˆ)
+N(0)
∫
dΩ
kˆ
4π
dΩ
kˆ′
4π
fσσ′ (kˆ, kˆ
′)uσ(kˆ)uσ′(kˆ
′)
}
(2.8)
in the limit T → 0. We have used ǫ˜k → ǫk and
n′F (x) → −δ(x) when T → 0. Ωkˆ denotes the solid an-
gle in the direction of kˆ. Eq. (2.8) was first derived by
Pomeranchuk considering the change in energy δE result-
ing from a Fermi surface displacement uσ(kˆ) at T = 0.
12
By requiring Φ[u] to be minimum for u = 0, we easily
deduce from (2.8) the stability conditions for a 3D Fermi
liquid: F sl > −2l− 1 and F
a
l > −2l− 1.
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C. Dynamic properties
The Landau’s functional δΦ[δn] allows to compute the
thermodynamic properties of the Fermi liquid, but does
not contain any information about the QP dynamics. To
obtain the latter, one has to extend the definition of δE
to out-of-equilibrium configurations:2,3
δE[δncl] =
∑
k,σ
∫
d3rǫkδn
cl
kσ(r, t)
+
1
2ν
∑
k,k′,σ,σ′
∫
d3rfσσ′ (k,k
′)
×δnclkσ(r, t)δn
cl
k′σ′(r, t). (2.9)
nclkσ(r, t) = n
(0)
kσ + δn
cl
kσ(r, t) gives the probability of find-
ing a QP with momentum k and spin σ at point r in
space and time t. We use the notation ncl to emphasize
that this approach is semiclassical, since it is assumed
that one can simultaneously specify the momentum and
position of the QP. For low-energy excitations, the in-
teraction between QP’s (last term of Eq. (2.9)) can be
assumed to be local in space. The time-dependent QP
energy is defined by
ǫk(r, t) =
δE[ncl]
δnclkσ(r, t)
∣∣∣∣∣
ncl
= ǫk +
1
ν
∑
k′,σ′
fσσ′(k,k
′)δnclk′σ′(r, t). (2.10)
Eq. (2.9) is supplemented with the Boltzmann trans-
port equation2,3
∂nclkσ(r, t)
∂t
−∇kn
cl
kσ(r, t) ·∇rǫk(r, t)
+∇rn
cl
kσ(r, t) ·∇kǫk(r, t) = 0, (2.11)
where we have used the quasi-classical equations dr/dt =
∇kǫk(r, t) and dk/dt = −∇rǫk(r, t). To first order in
δncl, Eq. (2.11) reduces to
∂δnclkσ(r, t)
∂t
+ v∗F kˆ ·∇rδn
cl
kσ(r, t)
+δ(ǫk − µ)
1
ν
∑
k′,σ′
fσσ′(k,k
′)v∗F kˆ ·∇rδn
cl
k′σ′(r, t) = 0.
(2.12)
The solution of this equation can be written as
δnclkσ(r, t) = v
∗
Fuσ(kˆ, q,Ω)δ(ǫk − µ)e
i(q·r−Ωt) (2.13)
where uσ(kˆ, q,Ω) is a dynamic displacement of the Fermi
surface. The solutions of Eq. (2.12) correspond to zero-
sound (u↑ = u↓) and spin-wave (u↑ = −u↓) modes.
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III. LANDAU’S FUNCTIONAL Φ AS AN
EFFECTIVE POTENTIAL
In statistical mechanics and in the theory of phase
transitions, it is natural to consider the Legendre trans-
form of the free energy. In magnetism for instance, the
Gibbs thermodynamic potential, which is a functional of
the magnetization M(r), is obtained from the free en-
ergy by performing a Legendre transformation.13 In field
theory, such Legendre transforms are known as effective
potentials.14 In this section we show that the Landau’s
functional Φ[n] can be naturally interpreted as an effec-
tive potential.
A. Effective potential Φ
In order to define the effective potential Φ, we first cal-
culate the free energy −β−1 lnZ[h] in presence of a (real)
external source field hkσ that couples to the QP occupa-
tion number operator nˆkσ. Then we obtain the Landau’s
functional Φ[n] by performing a Legendre transforma-
tion.
We write the partition function in the Matsubara for-
malism as a functional integral over Grassmann variables
ψ
(∗)
σ (k, τ) (τ is an imaginary time):
Z[h] =
∫
Dψ∗Dψ e−S[ψ
∗,ψ]−Sh[ψ
∗,ψ], (3.1)
where S[ψ∗, ψ] is the action when hkσ = 0. The source
field contributes to the action a term
Sh[ψ
∗, ψ] =
∑
k,σ
hkσ
∫ β
0
dτ nˆkσ(τ). (3.2)
Note that we do not specify at this point the expres-
sion of nˆkσ(τ) as a function of the ψ field. Only for
non-interacting fermions do we have the simple relation
nˆkσ(τ) = ψ
∗
σ(k, τ)ψσ(k, τ). The QP occupation number
nkσ = 〈nˆkσ〉 is obtained from the functional derivative of
the free energy:
nkσ = −
1
β
δ lnZ[h]
δhkσ
. (3.3)
Now we introduce the Legendre transform15
Φ[n] = −
1
β
lnZ[h]−
∑
k,σ
hkσnkσ, (3.4)
where hkσ[n] is obtained by inverting (3.3). The equation
of state for the thermodynamic potential Φ[n] reads
δΦ[n]
δnkσ
= −hkσ. (3.5)
At equilibrium, i.e., in the absence of source field, Φ[n]
is stationary with respect to small variations of the QP
distribution function.
B. Non-interacting fermions
As a first example, we consider non-interacting
fermions. Using nˆkσ(τ) = ψ
∗
σ(k, τ)ψσ(k, τ), we obtain:
Z[h] =
∫
Dψ∗Dψ e
∑
k,σ,ω
ψ∗σ(k,ω)(iω−ǫk−hkσ+µ)ψσ(k,ω)
=
∏
k,σ
(
1 + e−β(ǫk+hkσ−µ)
)
, (3.6)
where ǫk is the energy of a fermion with momentum
k. We have introduced the Fourier transformed field
ψ
(∗)
σ (k, ω) where ω = πT (2m + 1) (m integer) is a
fermionic Matsubara frequency. Eq. (3.3) yields
nkσ = nF (ǫk + hkσ − µ). (3.7)
Inverting (3.7) and using (3.6), we eventually obtain
Φ[n] =
∑
k,σ
(ǫk − µ)nkσ +
1
β
∑
k,σ
[nkσ lnnkσ
+(1− nkσ) ln(1 − nkσ)]. (3.8)
Eq. (3.8) is the expected result for non-interacting
fermions.
C. Interacting fermions
For interacting fermions, it is not possible to calculate
exactly the thermodynamic potential Φ[n]. However, we
do not require the whole knowledge of Φ[n], but only
its variation δΦ[δn] when the QP distribution function n
varies from its equilibrium value n¯ = n|h=0 by an amount
δn. [For T → 0, n¯kσ = Θ(kF − k) corresponds to the
ground-state distribution function.] This turns out to be
a much easier task than obtaining Φ[n].
Expanding Φ[n¯+ δn] to second order in δn, we obtain
δΦ[δn] =
1
2
∑
k,k′,σ,σ′
δ(2)Φ[n]
δnkσδnk′σ′
∣∣∣∣∣
n¯
δnkσδnk′σ′ . (3.9)
There is no linear term since Φ[n] is stationary at equilib-
rium [Eq. (3.5)]. To proceed further, we use the following
relation between the functional derivatives of the free en-
ergy −β−1 lnZ[h] and those of the Legendre transform
Φ[n]:14
∑
k3,σ3
β−1δ(2) lnZ[h]
δhk1σ1δhk3σ3
∣∣∣∣∣
h=0
δ(2)Φ[n]
δnk3σ3δnk2σ2
∣∣∣∣∣
n¯
= δσ1,σ2δk1,k2 .
(3.10)
Introducing the matrix
χσσ′(k,k
′) =
β−1δ(2) lnZ[h]
δhkσδhk′σ′
∣∣∣∣∣
h=0
, (3.11)
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we thus obtain
δΦ[δn] =
1
2
∑
k,k′,σ,σ′
χ−1σσ′(k,k
′)δnkσδnk′σ′ . (3.12)
Note that χσσ′ (k,k
′) is nothing but the (linear) response
function to the external source field hkσ. Comparing
(2.6) and (3.12) (and assuming that the system is a Fermi
liquid), we obtain a microscopic definition of the Landau
f function:
1
ν
fσσ′(k,k
′) =
δσ,σ′δk,k′
n′F (ǫk − µ)
+ χ−1σσ′ (k,k
′). (3.13)
From now on, we ignore the difference between ǫ˜k and
ǫk since we are ultimately interested in the limit T → 0.
Thus, the calculation of the Landau f function reduces
to the calculation of the susceptibility χ. In the next sec-
tion, we show how χ can be calculated using the standard
assumptions of FLT.
D. Calculation of the Landau f function
In this section, we first express the Landau f function
in terms of the QP properties, and then relate it to the
bare fermion properties.
1. f in terms of QP properties
Since the external field hkσ couples to the QP’s, we
have to distinguish between the QP field (that we de-
note by ψ¯(∗)) and the field ψ(∗) corresponding to the
bare fermions. With these notations, we have nˆkσ(τ) =
ψ¯∗σ(k, τ)ψ¯σ(k, τ), where the operator nˆkσ(τ) has been in-
troduced in (3.2). From (3.2) and (3.11), we obtain
χσσ′ (k,k
′; q˜) =
1
β
∑
ω,ω′
χ˜σσ′ (k˜, k˜
′; q˜), (3.14)
where χ˜ is the two-particle Green’s function
χ˜σσ′(k˜, k˜
′; q˜) = 〈ψ¯∗σ(k˜−)ψ¯σ(k˜+)ψ¯
∗
σ′(k˜
′
+)ψ¯σ′(k˜
′
−)〉c
≡ 〈ψ¯∗σ(k˜−)ψ¯σ(k˜+)ψ¯
∗
σ′(k˜
′
+)ψ¯σ′(k˜
′
−)〉
−δq˜,0〈ψ¯
∗
σ(k˜)ψ¯σ(k˜)〉〈ψ¯
∗
σ′ (k˜
′)ψ¯σ′ (k˜
′)〉.
(3.15)
The average values are evaluated in the absence of source
field (h = 0), and the meaning of 〈· · ·〉c is defined by the
second line of (3.15). We use the notation k˜ = (k, iω),
q˜ = (q, iΩ), and k˜± = k˜± q˜/2. ω and Ω denote fermionic
and bosonic Matsubara frequencies, respectively. The
Landau f function is related to the limit q˜ → 0 of
χσσ′ (k,k
′; q˜) [Eq. (3.13)]. In a Fermi liquid, the forward-
scattering limit q˜ → 0 is ill-defined and one should distin-
guish between the q- and Ω-limits, which correspond to
Ω/q → 0 and q/Ω → 0, respectively. Since a static and
uniform external field cannot create quasi-particle-quasi-
hole excitations (and therefore modify the ground-state
QP distribution function) in the Ω-limit,16 f is obtained
from the q-limit of the function χ. It turns out to be
more convenient to keep a finite q˜ at intermediate stages,
the limit q˜ → 0 (with Ω/q → 0) being taken only at the
end of the calculations. Besides, the function χ (with q˜
finite) will also have to be considered in the analysis of
the dynamic properties of Fermi liquids (section IV).
χ˜ satisfies the Dyson equation
χ˜σσ′(k˜, k˜
′; q˜) = χ˜
(0)
σσ′(k˜, k˜
′; q˜)
−
1
βν
∑
k˜1,k˜2,σ1,σ2
χ˜(0)σσ1(k˜, k˜1; q˜)
×Γ¯irrσ1σ2(k˜1, k˜2; q˜)χ˜σ2σ′(k˜2, k˜
′; q˜), (3.16)
where
Γ¯irrσσ′ (k˜, k˜
′; q˜) ≡ Γ¯irrσσ′,σ′σ(k˜+, k˜
′
−, k˜
′
+, k˜−) (3.17)
is the irreducible QP vertex in the Landau channel.17
The non-interacting part
χ˜
(0)
σσ′ (k˜, k˜
′; q˜) = −δσ,σ′δk˜,k˜′G¯(k˜+)G¯(k˜−) (3.18)
is easily expressed in terms of the QP propagators
G¯(k˜±) = −〈ψ¯σ(k˜±)ψ¯
∗
σ(k˜±)〉
=
[
iω ± i
Ω
2
− ǫk ∓ vk ·
q
2
+ µ
]−1
, (3.19)
where ǫk is the QP energy and vk = ∇kǫk the QP
group velocity. Approximating ǫk by v
∗
F (k − kF ) + µ,
we have vk = v
∗
F kˆ (with kˆ = k/k). The quantity χ˜
(0)
becomes singular in the forward-scattering limit q˜ → 0
since the poles of the two QP propagators coalesce. In
FLT, one assumes that χ˜(0) is the only singular quantity
in this limit.2,3 This implies that the irreducible vertex
Γ¯irr, which does not contain χ˜(0), is a non-singular quan-
tity that has a well-defined limit when q˜ → 0. We there-
fore set q˜ = 0 in Γ¯irr. Furthermore, since the singularity
of χ˜(0) is due to QP states in the vicinity of the Fermi sur-
face, we can ignore the k and ω dependence of Γ¯irr (i.e.,
set k = k′ = kF and ω = ω
′ = 0), which then becomes
a function of kˆ and kˆ′. [The variables |k − kF |, |k
′ − kF |
and ω, ω′ are irrelevant in the RG sense (see section V).]
This allows to perform the frequency sums in (3.16) and
obtain a Dyson equation for χ:
χσσ′(k,k
′; q˜) = χ
(0)
σσ′ (k,k
′; q˜)
−
1
ν
∑
k1,k2,σ1,σ2
χ(0)σσ1 (k,k1; q˜)
×Γ¯irrσ1σ2(kˆ1, kˆ2)χσ2σ′ (k2,k
′; q˜). (3.20)
This can be rewritten as
5
χ−1σσ′ (k,k
′; q˜) = χ
(0)−1
σσ′ (k,k
′; q˜) +
1
ν
Γ¯irrσσ′(kˆ, kˆ
′). (3.21)
In Eq. (3.21), χ−1(q˜), χ(0)−1(q˜) and Γ¯irr should be under-
stood as matrices in spin (σ) and momentum (k) space.
Comparing (3.13) and (3.21), and noting that
χ
(0)
σσ′ (k,k
′; q˜) = δσ,σ′δk,k′n
′
F (ǫk − µ)
vk · q
iΩ− vk · q
→ −δσ,σ′δk,k′n
′
F (ǫk − µ) (3.22)
in the q-limit, we conclude that
fσσ′(k,k
′) = Γ¯irrσσ′ (kˆ, kˆ
′). (3.23)
We can proceed one step further by relating Γ¯irr to the
total QP vertex Γ¯, using the equation
Γ¯σσ′ (k˜, k˜
′; q˜) = Γ¯irrσσ′(kˆ, kˆ
′)−
1
βν
∑
k˜1,k˜2,σ1,σ2
Γ¯irrσσ1(kˆ, kˆ1)
×χ˜(0)σ1σ2(k˜1, k˜2; q˜)Γ¯σ2σ′(k˜2, k˜
′; q˜). (3.24)
Since Γ¯, as Γ¯irr, is independent of frequencies, we can
perform the sum over ω1 and ω2 in (3.24), which yields
Γ¯σσ′ (kˆ, kˆ
′; q˜) = Γ¯irrσσ′ (kˆ, kˆ
′)−
1
ν
∑
k1,k2,σ1,σ2
Γ¯irrσσ1(kˆ, kˆ1)
×χ(0)σ1σ2(k1,k2; q˜)Γ¯σ2σ′(kˆ2, kˆ
′; q˜). (3.25)
χ(0) vanishing in the Ω-limit [Eq. (3.22)], we obtain
Γ¯irrσσ′ (kˆ, kˆ
′) = lim
Ω→0
[
Γ¯σσ′ (kˆ, kˆ
′; q˜)
∣∣∣
q=0
]
≡ Γ¯Ωσσ′ (kˆ, kˆ
′). (3.26)
Eqs. (3.23,3.26) relate the Landau f function to the Ω-
limit of the forward-scattering QP vertex.
2. f in terms of bare fermion properties
The last step of our derivation is to relate Γ¯irr to the
vertex of the bare fermions. Consider first the single-
particle propagator in a Fermi liquid. It can be written
as2,3
G(k˜) = −〈ψσ(k˜)ψ
∗
σ(k˜)〉
=
z
iω − ǫk + µ
+Ginc(k˜), (3.27)
where Ginc(k˜) is the incoherent part, and z the QP renor-
malization factor. The QP field ψ¯(∗) can be obtained (at
least formally) by filtering out the incoherent part and
rescaling the field in order to ensure that the total spec-
tral weight is equal to one (see Nozie`res’ book3 for a
detailed discussion). [As discussed in section V, the RG
approach provides an explicit realization of this proce-
dure.] G and G¯ are then related by
G(k˜) = zG¯(k˜) +Ginc(k˜). (3.28)
Consider now the two-particle Green’s function
GIIσσ′ (k˜, k˜
′; q˜) = 〈ψ∗σ(k˜−)ψσ(k˜+)ψ
∗
σ′ (k˜
′
+)ψσ′ (k˜
′
−)〉c.
(3.29)
GII can be written as
GIIσσ′ (k˜, k˜
′; q˜) = G
II(0)
σσ′ (k˜, k˜
′; q˜)
−
1
βν
∑
k˜1,k˜2,σ1,σ2
GII(0)σσ1 (k˜, k˜1; q˜)
×Γσ1σ2(k˜1, k˜2; q˜)G
II(0)
σ2σ′
(k˜2, k˜
′; q˜), (3.30)
where
Γσσ′ (k˜, k˜
′; q˜) ≡ Γσσ′,σ′,σ(k˜+, k˜
′
−, k˜
′
+, k˜−) (3.31)
is the total vertex for the bare fermions, and
G
II(0)
σσ′ (k˜, k˜
′; q˜) = −δσ,σ′δk˜,k˜′G(k˜+)G(k˜−)
= −δσ,σ′δk˜,k˜′ [z
2G¯(k˜+)G¯(k˜−) + ϕ(k˜)].
(3.32)
We have separated the coherent part of the particle-hole
pair propagation from the incoherent part ϕ(k˜). Note
that ϕ(k˜) is non-singular in the limit q˜ → 0 and is there-
fore evaluated at q˜ = 0. Inserting (3.32) into (3.30) and
retaining only the coherent part of the particle-hole prop-
agation, we obtain an equation for the Green’s function
χ˜ introduced in section IIID 2:
χ˜σσ′(k˜, k˜
′; q˜) = χ˜
(0)
σσ′(k˜, k˜
′; q˜)
−
1
βν
∑
k˜1,k˜2,σ1,σ2
χ˜(0)σσ1(k˜, k˜1; q˜)
×z2Γσ1σ2(k˜1, k˜2; q˜)χ˜
(0)
σ2σ′
(k˜2, k˜
′; q˜). (3.33)
We then deduce from (3.16) and (3.33)
Γ¯σσ′ (k˜, k˜
′; q˜) = z2Γσσ′ (k˜, k˜
′; q˜). (3.34)
Eq. (3.34) relates the QP vertex Γ¯ to the bare fermion
vertex Γ. From (3.23,3.26,3.34) we obtain the well-known
expression of the Landau f function in a Fermi liquid:
fσσ′(k,k
′) = z2ΓΩσσ′(kˆ, kˆ
′). (3.35)
IV. DYNAMIC PROPERTIES
The Landau’s functional Φ[n] does not contain any in-
formation about the dynamic properties of the Fermi liq-
uid. In this section, we extend the definition of the ef-
fective potential Φ to space- and time-dependent config-
urations by considering the Wigner distribution function
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(WDF) n ≡ {nkσ(r, t)}. This allows to obtain the QP
dynamics and the collective modes of the Fermi liquid
without introducing the semiclassical distribution func-
tion nclkσ(r, t) and the corresponding Boltzmann trans-
port equation as in the phenomenological FLT (see sec-
tion II C).
A. Generalized effective potential Φ
The best quantum analog to the semiclassical distribu-
tion function nclkσ(r, t) is the WDF.
18 The latter is not a
true distribution function since it is not positive definite.
However, as far as its moments are concerned, it behaves
similarly to a distribution function.18,19 For our purpose,
we define the WDF in Matsubara time as
nkσ(r, τ) =
∫
d3r′e−ik·r
′
×
〈
ψ¯∗σ
(
r−
r′
2
, τ
)
ψ¯σ
(
r+
r′
2
, τ
)〉
, (4.1)
and its Fourier transform as
nkσ(q˜) =
1
βν
∫ β
0
dτ
∫
d3r e−iq·r+iΩτnkσ(r, τ)
=
1
β
∑
ω
〈ψ¯∗σ(k˜−)ψ¯σ(k˜+)〉. (4.2)
Note that these definitions involve the QP field ψ¯(∗).
We are now in a position to define an effective potential
Φ[n], which is a functional of the WDF n ≡ {nkσ(q˜)}.
We shall proceed along the same lines as in section
III. We consider the system in presence of a source
field hkσ(q˜) = h
∗
kσ(−q˜) that couples to the QP operator
nˆkσ(q˜) = β
−1
∑
ω ψ¯
∗
σ(k˜−)ψ¯σ(k˜+). We write the partition
function as in (3.1), with
Sh = β
∑
k,σ,q˜
hkσ(−q˜)nˆkσ(q˜). (4.3)
The WDF is obtained by taking the functional derivative
of the free energy with respect to the source field:
nkσ(q˜) = 〈nˆkσ(q˜)〉 = −
1
β
δ lnZ[h]
δhkσ(−q˜)
. (4.4)
The effective potential is then defined as
Φ[n] = −
1
β
lnZ[h]−
∑
k,σ,q˜
hkσ(−q˜)nkσ(q˜), (4.5)
and satisfies the ‘equation of state’
δΦ[n]
δnkσ(q˜)
= −hkσ(−q˜). (4.6)
We will show below that in the absence of source field
(h = 0), the stationarity condition of the effective po-
tential [Eq. (4.6)] yields the equation of motion for the
WDF.
Even for non-interacting fermions, Φ[n] cannot be cal-
culated exactly. We shall therefore consider only small
fluctuations δnkσ(q˜) around the equilibrium state:
nkσ(q˜) = δq˜,0n¯kσ + δnkσ(q˜). (4.7)
Eq. (3.10) can be easily generalized into
δ(2)Φ[n]
δnkσ(−q˜)δnk′σ′(q˜′)
∣∣∣∣∣
n¯
= δq˜,q˜′χ
−1
σσ′(k,k
′; q˜), (4.8)
where
χσσ′ (k,k
′; q˜) =
β−1δ(2) lnZ[h]
δhkσ(−q˜)δhk′σ′(q˜)
∣∣∣∣∣
h=0
(4.9)
is the susceptibility introduced in section III
[Eqs. (3.14,3.15)]. The Kronecker symbol δq˜,q˜′ in (4.8)
results from translational invariance. To second order in
δn, we thus have
δΦ[δn] =
1
2
∑
k,k′,σ,σ′,q˜
χ−1σσ′ (k,k
′; q˜)δnkσ(−q˜)δnk′σ′(q˜).
(4.10)
Using Eqs. (3.21,3.22,3.23), we can write the effective
potential in terms of the Landau f function:
δΦ[δn] =
1
2
∑
k,k′,σ,σ′,q˜
{ δσ,σ′δk,k′
n′F (ǫk − µ)
iΩ− vk · q
vk · q
+
1
ν
fσσ′(k,k
′)
}
δnkσ(−q˜)δnk′σ′(q˜). (4.11)
Eq. (4.11) generalizes the Landau’s functional to space-
and time-dependent configurations. As in the static and
uniform case studied in section III, δΦ[δn] is essentially
parameterized by the Landau f function. We shall show
in the next section that δΦ contains all the information
about the QP dynamics. Moreover, if we consider the
q-limit, the WDF {nkσ(r, t)} reduces to the QP distri-
bution function {nkσ}, and Φ[n] to the thermodynamic
potential introduced in section III. Thus the effective po-
tential Φ describes static and dynamic properties of the
Fermi liquid in a unified framework. This result should
be contrasted with the phenomenological FLT which re-
quires slightly different approaches to deal with static and
dynamic properties (see section II), and strongly relies on
semiclassical arguments for the latter.
B. Quantum Boltzmann equation
In the absence of source field (h = 0), the stationarity
condition of the effective potential [Eq. (4.6)] yields
(vk · q− iΩ)δnkσ(q˜)− vk · qn
′
F (ǫk − µ)
×
1
ν
∑
k′,σ′
fσσ′(k,k
′)δnk′σ′(q˜) = 0. (4.12)
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Eq. (4.12) is the quantum Boltzmann equation for the
WDF. [Real-time quantities are obtained by the usual an-
alytic continuation iΩ→ Ω+ i0+.] Note that in the sim-
ple case we are considering here (no external electric field,
small fluctuations around the equilibrium state, etc), it
is identical to the Boltzmann equation (2.12) satisfied by
the semiclassical distribution function nclkσ(r, t).
19,20
The solution of (4.12) can be written as
δnkσ(q˜) = v
∗
Fuσ(kˆ, q˜)n
′
F (ǫk − µ), (4.13)
where uσ(kˆ, q˜) is naturally interpreted as the dynamic
Fermi surface displacement for spin σ fermions. It satis-
fies the equation
(vk · q− iΩ)uσ(kˆ, q˜)
+vk · qN(0)
∑
σ′
∫
dΩ
kˆ′
4π
fσσ′(kˆ, kˆ
′)uσ′(kˆ
′, q˜) = 0. (4.14)
Here we have used n′F (ǫk−µ) = −δ(ǫk−µ) when T → 0.
Eq. (4.14) yields the zero-sound (for u↑ = u↓) and spin-
wave (for u↑ = −u↓) modes of the Fermi liquid.
2,3
It is also possible to express the effective potential di-
rectly in terms of the dynamic Fermi surface displace-
ments:
δΦ[u] =
νv∗F
2N(0)
2
∑
σ,σ′,q˜
{
δσ,σ′
∫
dΩ
kˆ
4π
vk · q− iΩ
vk · q
×|uσ(kˆ, q˜)|
2 +N(0)
∫
dΩ
kˆ
4π
dΩ
kˆ′
4π
fσσ′(kˆ, kˆ
′)
×uσ(kˆ,−q˜)u
′
σ(kˆ
′, q˜)
}
. (4.15)
Here we have used uσ(kˆ,−q˜) = u
∗
σ(kˆ, q˜). The equations
of motion (4.14) are then directly obtained from the sta-
tionarity condition δΦ/δuσ(kˆ,−q˜) = 0. Note also that
(4.15) reduces to (2.8) in the q-limit.
C. Response functions
Since the effective potential is essentially determined
by the susceptibility χσσ′ (k,k
′; q˜), it also yields the re-
sponse functions of the Fermi liquid. For instance, the
charge and spin response functions are given by
χch(q˜) =
1
ν
∑
k,k′,σ,σ′
χσσ′ (k,k
′; q˜),
χsp(q˜) =
1
ν
∑
k,k′,σ,σ′
σσ′χσσ′ (k,k
′; q˜), (4.16)
where χ is related to the effective potential by Eq. (4.10).
Note that when calculating response functions, the dif-
ference between particles and QP’s can be ignored. This
property is a consequence of the Ward identities that re-
sult from particle-number conservation (see Ref. 21 for a
detailed discussion).
Eqs. (4.10,4.11) determine χ−1. If, for simplicity, we
consider the case where only the Landau parameters F s0
and F a0 are non-zero, the matrix χ
−1 can easily be in-
verted, and we obtain the well-known expressions3
χch(q˜) = 2N(0)
Ω00(iΩ/v
∗
F q)
1 + F s0Ω00(iΩ/v
∗
F q)
,
χsp(q˜) = 2N(0)
Ω00(iΩ/v
∗
F q)
1 + F a0 Ω00(iΩ/v
∗
F q)
, (4.17)
where
Ω00(x) =
∫ 1
−1
du
2
u
u− x
= 1−
x
2
ln
x+ 1
x− 1
. (4.18)
V. RENORMALIZATION-GROUP APPROACH
Recently, RG techniques based on low-energy fermion
effective actions have been applied to interacting
fermions in dimension d ≥ 2 by many authors (see
Refs. 7–10,21–26 and references therein). The finite-
temperature RG approach27 was first applied to Fermi
liquids in dimension d ≥ 2 by Chitov and Se´ne´chal.7 Con-
trary to other works on the subject, it revealed that the
effective interaction function in the Landau or zero-sound
channel (particle-hole pairs at small total momentum and
energy) does not stay marginal under the RG transfor-
mation, since its β-function is not identically zero. From
the RG equations, the standard FLT results have been
recovered.7–10 It has been pointed out that the bare in-
teraction function of the low-energy fermion effective ac-
tion cannot be identified with the Landau f function.8
The latter, along with other observable parameters of a
Fermi liquid, is obtained at the fixed-point of the RG
equations, i.e., when all degrees of freedom have been
integrated out.8–10 The finite temperature RG approach
has also given results that cannot be obtained within
the standard derivation of FLT. Chitov and Se´ne´chal,
taking into account the interferences between the zero-
sound (ZS) and exchange (ZS’) channels, have obtained
RG equations that satisfy the Pauli principle contrary to
the standard microscopic derivation of FLT.9 Perform-
ing a two-loop order calculation, the present author has
obtained a non trivial expression of the wave-function
renormalization factor,10 which was also obtained from
2D bosonization28 and Ward Identities.21
In this section, we show how the response function χ
introduced in section III, and therefore the Landau f
function, can be calculated using a a finite-temperature
(Kadanoff-Wilson) RG approach. We follow the proce-
dure used in Ref. 10 to obtain the compressibility of a
Fermi liquid. For simplicity we consider a 2D fermion
gas.
We write the partition function Z[h] as a functional
integral over Grassmann variables [Eq. (3.1)], where, as-
suming that the high-energy degrees of freedom have
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been integrated out (in a functional sense), the action
describes fermionic degrees of freedom with |k − kF | <
Λ0 ≪ kF . We write this low-energy effective action as
SΛ0 + SΛ0h , where
SΛ0 = −
∑
k˜,σ
ψ¯∗σ(k˜)(iω − ǫk + µ)ψ¯σ(k˜)
+
1
4βν
∑
k˜1...k˜4
∑
σ1...σ4
ΓΛ0σ1σ2,σ3σ4(k˜1, k˜2, k˜3, k˜4)
×ψ¯∗σ4(k˜4)ψ¯
∗
σ3 (k˜3)ψ¯σ2 (k˜2)ψ¯σ1(k˜1)
×δk1+k2,k3+k4δω1+ω2,ω3+ω4 . (5.1)
It will be shown below that the RG procedure ensures
that the action is always expressed as a function of the
QP field ψ¯(∗). In (5.1), the wave-vectors k satisfy |k −
kF | < Λ0. The single-particle excitations are linearized
around the Fermi surface: ǫk−µ = vF (k− kF ) where vF
is the bare Fermi velocity. The bare (antisymmetrized)
two-particle vertex ΓΛ0 is assumed to be a non-singular
function of its arguments. The summation over wave
vectors is defined by
1
ν
∑
k
=
∫
d2k
(2π)2
≡ kF
∫ kF+Λ0
kF−Λ0
dk
2π
∫ 2π
0
dθ
2π
, (5.2)
ignoring irrelevant terms at tree-level.
As shown in section II B, the Landau’s functional
δΦ[δn] can also be expressed in terms of the Fermi sur-
face displacements uσ(kˆ) ≡ uσ(θ), or equivalently the
‘density’ variations δρσ(θ) = (kF /2π)uσ(θ). [Here and
in the following, we denote by θ the direction of a given
momentum k, i.e., kˆ = (cos θ, sin θ).] For purely techni-
cal convenience, we therefore consider an external field
hσ(θ) that couples directly to the QP density operator
ρˆσ(θ, τ) and write the action S
Λ0
h as
SΛ0h =
∑
σ
∫
dθ
2π
hσ(θ)
∫ β
0
dτρˆσ(θ, τ), (5.3)
where∫ β
0
dτρˆσ(θ, τ) = vFN(0)
∑
ω
∫ kF+Λ0
kF−Λ0
dk
× lim
q→0
[
ψ¯∗σ(k˜ + q˜)ψ¯σ(k˜)
∣∣∣
Ω=0
]
. (5.4)
We take the q-limit as discussed in section III. N(0) =
kF /2πvF is the bare 2D density of states per spin.
It is straightforward to show that the microscopic def-
inition of the Landau f function [Eqs. (3.11,3.13)] be-
comes:
ν
N(0)
[δσ,σ′2πδ(θ) +N(0)fσσ′ (θ)] = χ
∗−1
σσ′ (θ),
χ∗σσ′ (θ − θ
′) = 4π2
β−1δ(2) lnZ[h]
δhσ(θ)δhσ′ (θ′)
∣∣∣∣∣
h=0
. (5.5)
The meaning of the notation χ∗ is discussed below.
The constraint to have all momenta in the shell |k −
kF | < Λ0 restricts the allowed scatterings to diffusion of
particle-hole, or particle-particle, pairs with small total
momentum (q < Λ0).
25 Consequently, only two vertex
functions have to be considered: the forward-scattering
vertex function and the BCS vertex function. In the ab-
sence of BCS instability, we can neglect the latter. We de-
note by ΓΛ0σi (k˜1, k˜2; q˜) the forward-scattering vertex. [We
use the notation ΓΛ0σi = Γ
Λ0
σ1σ2,σ3σ4 .] q˜ = (q, iΩ) where
q is the momentum transfer (q < Λ0) and the bosonic
Matsubara frequency Ω the energy transfer. (k˜1, σ1) and
(k˜2, σ2) correspond to the two incoming particles, and
(k˜1+ q˜, σ4) and (k˜2− q˜, σ3) to the two outgoing particles.
Neglecting the irrelevant dependence on k1,2 and ω1,2,
we consider only the coupling function ΓΛ0σi (kˆ1, kˆ2; q˜) ≡
ΓΛ0σi (θ1, θ2; q˜).
The Kadanoff-Wilson RG procedure consists in suc-
cessive partial integrations of the fermion field degrees of
freedom in the infinitesimal momentum shell Λ0e
−dt ≤
|k − kF | ≤ Λ0 where dt is the RG generator and
Λ(t) = Λ0e
−t the effective momentum cut-off at step
t . Each partial integration is followed by a rescaling
of radial momenta, frequencies and fields (i.e., ω′ = sω,
k′ − kF = s(k − kF ) and ψ¯
′ = ψ¯ with s = edt) in or-
der to let the quadratic part of the action (5.1) invariant
and to restore the initial value of the cut-off. The partial
integration modifies the parameters of the action which
become functions of the flow parameter t. In the fol-
lowing, we note Γ the running (i.e., cut-off dependent)
vertex (we do not write its t-dependence explicitly). For
the purpose of our calculation, it is sufficient to consider
the q- and Ω-limits of the forward-scattering vertex:
Γqσi(θ1 − θ2) = limq→0
[
Γσi(θ1, θ2; q˜)
∣∣∣
Ω=0
]
,
ΓΩσi(θ1 − θ2) = limΩ→0
[
Γσi(θ1, θ2; q˜)
∣∣∣
q=0
]
. (5.6)
The RG process also generates corrections to the
source field hσ(θ) along with higher-order terms in h.
At step t, the source term in the action can be written
as29 (ignoring terms of order h3)
SΛh =
∑
σ,σ′
∫
dθ
2π
hσ(θ)
∫
dθ′
2π
z
(h)
σσ′(θ − θ
′)
∫ β
0
dτ ρˆσ′(θ
′, τ)
−
1
2
∑
σ,σ′
∫
dθ
2π
dθ′
2π
hσ(θ)βχσσ′ (θ − θ
′)hσ′ (θ
′). (5.7)
We do not write explicitly the dependence of z(h) and χ
on the flow parameter t.
Note that z(h) and χ are not physical observables, since
they do not result from the integration over all degrees
of freedom. Only their fixed-point values z(h)∗ and χ∗,
obtained when Λ(t) = 0, are physical (observable) quan-
tities. The Landau f function is therefore related to χ∗.
[Note that χ∗ corresponds to what we denoted by χ in
the preceding sections.]
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A. one-loop order
The integration of high-energy degrees of freedom
(|k−kF | > Λ0) leading to the low-energy effective action
(5.1) will in general generate a wave-function renormal-
ization factor zΛ0 < 1 and an external field renormaliza-
tion z(h)|Λ0 . We ignore these complications which will be
discussed in section VB. Thus, the initial conditions of
the RG equations, besides Γ|Λ0 = Γ
Λ0 , are
z
(h)
σσ′ (θ)|Λ0 = δσ,σ′2πδ(θ),
χσσ′ (θ)|Λ0 = 0. (5.8)
The latter equation follows from the condition T ≪ Λ0
and the fact that the external field h creates excitations
only in the vicinity of the Fermi surface.
The external field renormalization at one-loop order is
given by (see Fig. 2a in Ref. 10)
dz
(h)
σσ′ (θ − θ
′) =
∑
σ′′
∫
dθ′′
2π
z
(h)
σσ′′(θ − θ
′′)Γqσ′′σ′,σ′σ′′ (θ
′′ − θ′)
×
kF
2π
∫ ′
dk′′
1
β
∑
ω′′
[G¯(k˜′′)]2, (5.9)
where G¯(k˜) = (iω−vF (k−kF ))
−1 is the QP propagator.∫ ′
indicates that the integration is restricted to the de-
grees of freedom that are in the infinitesimal momentum
shell to be integrated out. Using
1
β
∑
ω′′
∫ ′
dk′′[G¯(k˜′′)]2 = −
βR
vF cosh
2 βR
dt, (5.10)
we obtain
dz
(h)
σσ′(l)
dt
= −
N(0)βR
cosh2 βR
∑
σ′′
z
(h)
σσ′′(l)Γ
q
σ′′σ′,σ′σ′′ (l). (5.11)
We have introduced the dimensionless inverse temper-
ature βR = vFβΛ(t)/2, and expanded in circular har-
monics the quantities appearing in (5.9), z
(h)
σσ′ (θ) =∑
l z
(h)
σσ′(l)e
ilθ... Eq. (5.11) is solved by introducing
z
(h)
+ (l) = z
(h)
↑↑ (l) + z
(h)
↑↓ (l),
z
(h)
− (l) = z
(h)
↑↑ (l)− z
(h)
↑↓ (l), (5.12)
and the spin symmetric (Aq) and antisymmetric (Bq)
parts of the two-particle vertex defined by
2N(0)Γqσi(l) = A
q
l δσ1,σ4δσ2,σ3 +B
q
l τσ1σ4 · τσ2σ3 , (5.13)
where τ denotes the Pauli matrices. Eq. (5.11) decouples
into two independent equations:
d ln z
(h)
+ (l)
dt
= −
βR
cosh2 βR
Aql ,
d ln z
(h)
− (l)
dt
= −
βR
cosh2 βR
Bql . (5.14)
Eqs. (5.14) have to be supplemented with the one-loop
RG equations for the vertex functions Aq and Bq. As
shown in Ref. 8, the latter can be written as
dAql
dt
= −
βR
cosh2 βR
Aql
2
+
dAΩl
dt
,
dBql
dt
= −
βR
cosh2 βR
Bql
2
+
dBΩl
dt
. (5.15)
The first terms of the rhs of Eqs. (5.15) are the con-
tribution of the ZS graph to the renormalization of Γq.
The contribution of the ZS’ and BCS graphs is taken
into account via the second terms on the rhs of (5.15)
(see Fig. 1 in Ref. 10). Because the thermal factor
βR/ cosh
2 βR is a strongly peaked function of Λ(t) near
Λ(t) = 0 when T → 0, these equations have the approxi-
mate solutions8–10
Aql (τ) =
AΩl
∗
1 + (1 − τ)AΩl
∗ ,
Bql (τ) =
BΩl
∗
1 + (1 − τ)BΩl
∗ , (5.16)
for Λ(t) <∼ T/vF . A
Ω
l
∗
= AΩl |Λ(t)=0 and B
Ω
l
∗
=
BΩl |Λ(t)=0 are the fixed-point values of A
Ω
l and B
Ω
l . We
have introduced the parameter τ = tanhβR and used
tanh(βvFΛ0/2) ≃ 1 for T ≪ Λ0/vF . Since Eqs. (5.16)
hold beyond one-loop order, we postpone their detailed
derivation to section VB. Eqs. (5.14) show that the RG
flow of z(h) becomes significant only at small energy when
Λ(t) <∼ T/vF . This allows to insert (5.16) into (5.14) and
obtain
z
(h)
+ (l) =
1
1 + (1 − τ)AΩ∗l
,
z
(h)
− (l) =
1
1 + (1 − τ)BΩ∗l
, (5.17)
using the initial conditions z
(h)
+ (l)|Λ0 = z
(h)
− (l)|Λ0 = 1.
The renormalization of χ is given by (see Fig. 2b in
Ref. 10)
dχσσ′ (θ − θ
′) = −
∑
σ′′
∫
dθ′′
2π
z
(h)
σσ′′ (θ − θ
′′)z
(h)
σ′σ′′ (θ
′ − θ′′)
×
kF
2πβν
∑
ω′′
∫ ′
dk′′[G¯(k˜′′)]2. (5.18)
Expanding (5.18) in circular harmonics and using (5.10),
we obtain
dχσσ′ (l)
dτ
= −
N(0)
ν
∑
σ′′
z
(h)
σσ′′(l)z
(h)
σ′σ′′(l). (5.19)
To derive (5.19) from (5.18), we have used the fact that
z
(h)
σσ′(θ) is an even function of θ. Thus, we obtain
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dχ↑↑(l)
dτ
= −
N(0)
2ν
[z
(h)
+ (l)
2 + z
(h)
− (l)
2],
dχ↑↓(l)
dτ
= −
N(0)
2ν
[z
(h)
+ (l)
2 − z
(h)
− (l)
2]. (5.20)
The integration of (5.20) using (5.17) and the initial con-
dition χσσ′ (l)|Λ0 = 0 yields the fixed-point matrix
χ∗↑↑(l) =
N(0)
2ν
[
1
1 +AΩ∗l
+
1
1 +BΩ∗l
]
,
χ∗↑↓(l) =
N(0)
2ν
[
1
1 +AΩ∗l
−
1
1 +BΩ∗l
]
. (5.21)
The inverse matrix is
χ∗−1↑↑ (l) =
ν
2N(0)
(2 +AΩ∗l +B
Ω∗
l ),
χ∗−1↑↓ (l) =
ν
2N(0)
(AΩ∗l −B
Ω∗
l ). (5.22)
From the microscopic definition of the Landau f func-
tion [Eq. (5.5)], we deduce
fσσ′(θ) = Γ
Ω∗
σσ′,σ′σ(θ), (5.23)
a result fist obtained in Ref. 8.
B. Beyond one-loop
In this section, we show that higher-order loop contri-
butions do not change Eq. (5.23), except for a dependence
of f on the wave-function renormalization factor. The
RG equations can be solved exactly if we make the three
following assumptions (see also Ref. 10, section 5): we
assume the existence of well-defined QP’s in the vicinity
of the Fermi surface (i). Except the one-loop ZS graph,
all the graphs are regular in the limit q˜ → 0 (i.e., give
the same contribution in the q- and Ω-limits) (ii), and
give a smooth contribution to the RG flow of various
physical quantities (iii). [Because of the thermal factor
β/4 cosh2 βR, which is a strongly peaked function of Λ(t)
around Λ(t) = 0 for T → 0, the ZS graph yields a singu-
lar contribution (with respect to Λ(t)) to the RG flow of
Γq.] Assumption (ii) can be explicitly verified at one-loop
order. Assumption (iii) is only ‘approximate’ in a sense
that is further discussed below.
Let us first consider the RG equations for the two-
particle vertex. They can be written as8
dAql
dt
=
dAql
dt
∣∣∣∣∣
ZS
+
dAΩl
dt
, (5.24)
dAql
dt
∣∣∣∣∣
ZS
= −
βR
cosh2(βR)
Aql
2
, (5.25)
and a similar equation for Bq. We have written explicitly
the contribution of the one-loop ZS graph which distin-
guishes between the q- and Ω-limits. The second term on
the rhs of (5.24) includes the contribution of other one-
loop graphs (ZS’ and BCS channels) as well as higher-
order loop corrections. [Here we use assumption (ii) and
the fact that the ZS graph vanishes in the Ω-limit.]
It is tempting to neglect the term dAΩl /dt in (5.24)
(see for instance Ref. 25). Because of phase-space re-
strictions (which result from momentum conservation at
the interaction vertices), the corresponding diagrams are
suppressed by the small parameter Λ0/kF if one consid-
ers only low-energy states |k − kF | ≤ Λ0 (assuming that
high-energy states (|k − kF | > Λ0) have already been
integrated out). This property results from a frustra-
tion of the interferences between channels in dimension
d ≥ 2.30 Solving (5.24) without the last term of the rhs
is equivalent to an RPA calculation in the ZS channel.7,9
This RPA calculation can also be done using standard
diagrammatic theory. Within this approximation, the
Landau f function is naturally identified with the bare
vertex function ΓΛ0 |q˜=0. [We do not need to distinguish
between the q- and the Ω-limits, since ΓΛ0 is a regular
function of its arguments.] A major drawback of this ap-
proximation is that the momentum scale Λ0, which is not
a physical scale in the problem, enters the definition of
the Landau parameters in an essential way. [For a further
discussion of this RPA approximation, see Ref. 9.]
In Refs. 8,10, the present author and G. Chitov have
proposed another approach to solve (5.24,5.25), which
bears some similarities with Landau’s solution of the
Bethe-Salpeter equation for the two-particle vertex. Be-
sides the fact that it is not suppressed by the small pa-
rameter Λ0/kF , the ZS graph presents another interest-
ing feature. Its contribution to the RG flow of Aq and Bq
becomes singular (with respect to Λ(t)) at low tempera-
ture since βR/4 cosh
2 βR is exponentially suppressed for
Λ(t) >∼ T . To see how this allows to solve Eqs. (5.24,5.25),
we integrate the latter (using Aq|Λ0 = A
Ω|Λ0):
Aql (t) = A
Ω
l (t)−
∫ t
0
dt′
βR
cosh2 βR
Aql (t
′)2. (5.26)
Iterating (5.26), we obtain
Aql (t) = A
Ω
l (t)−
∫ t
0
dt′
βR
cosh2 βR
AΩl (t
′)2 + · · · (5.27)
According to assumption (iii), AΩl (t
′) is a smooth func-
tion of the cut-off Λ(t′) when Λ(t′) <∼ T/vF . This im-
plies AΩl (t
′)|Λ(t′)<∼T/vF
≃ AΩ∗l at low temperature. Since,
on the other hand, βR/4 cosh
2 βR is strongly peaked for
Λ(t′) <∼ T/vF , we can replace A
Ω
l (t
′) in the rhs of (5.27)
by its fixed-point value AΩ∗l . The RG equation for A
q
then becomes (for Λ(t) <∼ T/vF )
Aql (t) = A
Ω∗
l −
∫ t
0
dt′
βR
cosh2 βR
Aql (t
′)2. (5.28)
Eq. (5.28) corresponds to a decoupling of the ZS channel
from the other channels: when Λ(t) >∼ T/vF , the ZS
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graph does not contribute to the RG flow, and both Aq
and AΩ evolve smoothly when the cut-off decreases (with
Aq ≃ AΩ); when Λ(t) varies from ∼ T/vF to 0, only
the ZS graph gives a significant contribution (assumption
(iii)) and drives Aq towards its fixed-point value Aq∗ (but
does not contribute to the renormalization of AΩ). The
solution of Eq. (5.28) and the analog equation for Bq
is given by (5.16). We now obtain an RPA-like relation
between two fixed-point quantities: Aq∗l = A
Ω∗
l /(1+A
Ω∗
l ).
Both quantities are physical in the sense that they are
obtained by integrating all the degrees of freedom.
One should combine the RG equations of Aq and Bq
with RG equations of the Fermi velocity vF (t) and the
wave-function renormalization factor z(t). Since the ZS
loop does not appear in self-energy corrections, vF (t) and
z(t) are smooth functions of the cut-off Λ(t). Thus, the
argument leading to (5.28) and (5.16) also holds when
self-energy corrections are taken into account. When
solving (5.28), one should replace vF (t) and z(t) by their
fixed-point values v∗F and z
∗.10
If assumption (iii) were to hold exactly, Eqs. (5.16)
would be exact for Λ(t) <∼ T/vF and T → 0. It has been
pointed out in Ref. 7 that the ZS’ graph also gives a sin-
gular contribution to the flow of Γq(θ− θ′) when the two
incoming particles have parallel momenta (θ − θ′ → 0).
In this case, the ZS’ loop becomes identical to the ZS loop
(see Fig. 1 of Ref. 10). Thus, assumption (iii) is not exact
and Eqs. (5.16) hold only approximately. The singular-
ity in the ZS’ channel is however restricted to very small
angles |θ − θ′| <∼ T/vFkF . Only for those angles do the
ZS and ZS’ channels interfere when Λ(t) <∼ T/vF . Conse-
quently, only the components Γq(l) with l >∼ vF kF /T are
affected by the small-angle singularity in the ZS’ chan-
nel. For most physical quantities (specific heat, effective
mass, compressibility...), Eqs. (5.16) remain an excellent
approximation. [The singularity of the ZS’ graph be-
comes crucial if one is precisely interested in the value
of Γq(θ − θ′) for θ − θ′ → 0.9] This conclusion has been
checked by explicit calculation at one-loop order by Chi-
tov and Se´ne´chal.9
At each step of the RG transformation, the field is
rescaled according to ψ¯′ = [z(dt)]−1/2ψ¯, where z(dt) is
the contribution to the wave-function renormalization
factor z(t) when the flow parameter t increases by dt:
z(t + dt) = z(t)z(dt). This ensures that the propagator
keeps the form (iω− vF (t)k)
−1.10 Thus the field ψ¯ refers
to QP’s as anticipated.
Now we consider the renormalization of the source
field. Although the action is expressed only in terms
of the QP field, h (as any other external field) couples a
priori to the bare fermions. The coupling between the ex-
ternal field and the incoherent part of the single-particle
spectral function appears indirectly through some renor-
malization of the external field (see for instance Ref. 25
for a discussion). Here we want to eliminate such renor-
malizations since h couples directly to the QP’s. To dis-
tinguish between the coherent (i.e., due to the QP’s) and
incoherent responses to the field h, we also consider the
response to the field hΩ that couples to the incoherent
part of the density:∫ β
0
dτρˆΩσ (θ, τ) = vFN(0)
∑
ω
∫ kF+Λ0
kF−Λ0
dk
× lim
Ω→0
[
ψ¯∗σ(k˜ + q˜)ψ¯σ(k˜)
∣∣∣
q=0
]
. (5.29)
When T → 0, hΩ cannot create coherent particle-hole
pairs (i.e., quasi-particle-quasi-hole pairs) since the Ω-
limit is taken in (5.29).16 On the contrary, h couples to
both the coherent and incoherent parts. n-loop contribu-
tions (n ≥ 2) to the field renormalization factor z(h) do
not distinguish between h and hΩ. The reason is that the
singular ZS loop does not appear in n-loop (n ≥ 2) di-
agrams. Therefore, the latter correspond to coupling of
the external field to the incoherent part. On the con-
trary, the one-loop graph considered in the preceding
section vanishes in the Ω-limit and corresponds to cou-
pling of the external field to the coherent part. Since
we want h to couple only to the QP’s, only the one-loop
diagram for z(h) has to be taken into account. QP’s are
obtained not only by filtering out the incoherent part of
the propagator, but also by rescaling the field accord-
ing to ψ¯′ = [z(dt)]−1/2ψ¯. The latter implies a concomi-
tant rescaling of the field h′ = hz(dt) to ensure that
hψ¯∗ψ¯ = h′ψ¯
′∗ψ¯′. We conclude that the only renormal-
ization of the external field comes from the one-loop con-
tribution to z(h) considered in the preceding section.
We also note that the diagram shown in Fig. 2b of
Ref. 10 is the only one contributing to the susceptibility
in the Kadanoff-Wilson scheme, since it is the only dia-
gram of order O(h2) (and O(dt)) generated by the RG
procedure. Thus, we obtain the same RG equations as in
the one-loop calculation, the bare Fermi velocity being
replaced by its fixed-point value v∗F . Eq. (5.23) holds at
all order in a loop expansion (when the small-angle singu-
larity in the ZS’ channel is neglected). Since the ψ¯’s have
been rescaled at each step of the RG transformation, we
eventually come to
fσσ′(θ) = z
∗2ΓΩ∗σσ′,σ′σ(θ), (5.30)
where ΓΩ∗σi now refers to the bare fermions, and z
∗ is
the fixed-point value of z(t). Eq. (5.30) agrees with the
conclusion of Ref. 10.
VI. CONCLUSION
We have proposed a new microscopic description of
Fermi liquids, which extends some early ideas of the sta-
tistical FLT. It is based on the introduction of an effec-
tive potential (in the sense of field theory) Φ[n], which is
obtained from the free energy by a Legendre transforma-
tion.
In the more general case, the effective potential Φ[n]
is a functional of the Wigner distribution function n ≡
12
{nkσ(r, t)}. Small variations δΦ[δn] around the equilib-
rium value are parameterized by the Landau f function,
which describes the interaction between QP’s. f has a
precise microscopic definition in terms of the susceptibil-
ity χ introduced in section III. Using the standard as-
sumptions of FLT, we have shown that this microscopic
definition yields the usual identification between f and
the Ω-limit of the forward-scattering two-particle vertex.
The effective potential δΦ[δn] yields both the response
functions of the Fermi liquid and the quantum Boltz-
mann equation satisfied by nkσ(r, t). In the static and
uniform limit, δΦ[δn] is nothing but the variation of the
thermodynamic potential corresponding to a change δn
of the QP distribution function. δΦ[δn] was first intro-
duced by Landau on phenomenological grounds to de-
scribe Fermi liquids. Thus, the effective potential de-
scribes both static and dynamic properties of Fermi liq-
uids in a unified framework. It should be noted that this
description does not rely on any semiclassical assump-
tion.
The explicit calculation of δΦ[δn] can be in principle
extended to more complicated and/or realistic situations,
for instance by taking into account the presence of impu-
rities and the effect of an electric field.
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